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A mode III fracture problem of edge cracks originating from a circular hole in an inﬁnite
piezoelectric solid is studied based on complex variable method combined with the
method of conformal mapping. Explicit and exact expressions for the complex potentials,
ﬁeld intensity factors and energy release rates are presented under the assumption that
the surface of the cracks and hole is electrically impermeable. Numerical analysis is then
conducted to discuss the inﬂuences of crack length and applied mechanical/electric loads
on the ﬁeld intensity factors and energy release rate for one and two edge cracks, respec-
tively. It is found that for the case of a single edge crack, the ﬁeld intensity factors are
greater than those of double edge cracks, and moreover the electric loads can either pro-
mote or retard crack growth, depending on the magnitude and direction of the applied
electric loads.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
The fracture mechanics of piezoelectric materials has received much interest over a decade. A lot of literature can be
found for theoretical predications and experimental investigations of fracture parameters, i.e., ﬁeld intensity factors and en-
ergy release rate. Recent developments and some issues in the ﬁeld have been summarized in the work of, e.g., McMeeking
(1999), Zhang and Gao (2004), Schneider (2007), Suo et al. (2008), Li et al. (2008). However, it should be noted that no efforts
can be found on the fracture problem of cracks originating from a hole in a piezoelectric material. In fact, cracks often exist
around holes during manufacture and service of the holed structures. On the other hand, in experiments a slit and centre
crack is difﬁcult to process in a piezoelectric sample, but it is relatively easy to make the edge cracks from the boundary
of a hole. Thus, it is necessary to study the fracture problem of cracks emanating from a hole. Of course, it is feasible to obtain
approximate solutions for this kind of crack problem based on numerical approaches, e.g., boundary element method
(Garcı´a-Sánchez et al., 2005, 2007), but it is more interesting and challenging to seek for explicit and closed-form solutions
for some cases of special edge cracks, since these solutions can serve as a benchmark to test the validity of various analysis
approaches or assumptions for more complicated crack problems in piezoelectric solids.
For isotropic materials, several interesting works can be found for the edge cracks originating a circular or elliptical hole
in an inﬁnite plane. Bowie (1956) solved a two-dimensional problem of multiple radial cracks origination from a circular
hole by using complex variable method, and presented approximate expressions of complex potentials and reduction in po-
tential energy. Using the mapping function given in Bowie (1956), Hsu (1975) determined the stress intensity factors at the
tip of a radial crack emanating from a circular hole in an inﬁnite isotropic sheet under uniform and arbitrary in-plane stress,
and then discussed the inﬂuence of varying crack length-to-hole radius on the stress ﬁelds. Tweed and Melrose (1989). All rights reserved.
fax: +86 25 8489 1422.
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ing to integral transforms method. For the case of anisotropic materials, however, it is exceedingly difﬁcult to obtain closed-
form solutions for a crack originating a hole in an inﬁnite anisotropic plane under in-plane loads. In this case, numerical ap-
proaches have to be used to get approximates solutions. Liaw and Kamel (1990) obtained the solutions for stress intensity
factors of a single or two collinear edge cracks emanating from a curvilinear hole in an inﬁnite anisotropic plane based on
boundary element formulation, and showed that their numerical results were excellent agreement to known results previ-
ously published. However, to the authors’ knowledge, no work can be found for the similar problems of edge cracks in a pie-
zoelectric material.
It is therefore the purpose of the present work to study the fracture problem of edge cracks originating from a hole in a
piezoelectric solid under combinedmechanical-electric loads. Since the anti-plane solution is relatively simple andmoreover
no lacking of clearly physical insights into the fracture behaviors of piezoelectric materials, we shall study one and two mode
III cracks originating a circular hole in a transversely isotropic piezoelectric solid in the work. Below is the plan of the work:
following the brief introduction, basic equations are summarized in Section 2 for later use, although they are not new. Pre-
sented in Section 3 are explicit and exact solutions for the complex potential, ﬁeld intensity factors of stress and electric dis-
placement, and total energy release rate, respectively, for the cases of one and two edge cracks. In Section 4, numerical
examples are considered for a mode material, and then discussions are made about the effects of the applied electric loads
and the ratio of crack length to hole-radius on the total energy release rate. Finally, this work is concluded in Section 5.
2. Basic equations
Consider a transversely isotropic piezoelectric solid with the poling direction along the positive z axis and the isotropic
plane in the x  y plane. The constitutive equation can be written in the Voigt form as (Pak, 1990; Zhang and Gao, 2004)rxx
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>;; ð2Þwhere r, e, E and D stand for the stress, strain, electric ﬁeld and electric displacement, respectively; cij, eij and jik are the elas-
tic stiffness tensor, the piezoelectric coupling tensors and the dielectric permittivities, respectively.
Since the anti-plane solution is relatively simple and can be written in an explicit form, thereby clearly providing physical
insights into the fracture behavior of electroelastic materials, we shall study a mode III crack in the isotropic plane in the
present work. For the two-dimensional anti-plane deformation, the out-of-plane displacement and the in-plane electric/
magnetic ﬁelds are functions of x and y only, thatux ¼ uy ¼ 0; uz ¼ uz x; yð Þ; u ¼ u x; yð Þ; ð3Þ
where uz and u are elastic displacement and electric potential, respectively.
A substitution of Eq. (3) into Eqs. (1) and (2) leads torzx ¼ c44 ouzox þ e15
ou
ox
;
rzy ¼ c44 ouzoy þ e15
ou
oy
;
Dx ¼ e15 ouzox  j11
o/
ox
;
Dy ¼ e15 ouzoy  j11
ou
oy
: ð4ÞThe general solution of Eq. (4) can be expressed, by the generalized stress function / and generalized displacement u, as
(Zhang and Gao, 2004)u ¼ AfðzÞ þ AfðzÞ; u ¼ uz;uð ÞT ; ð5Þ
/ ¼ BfðzÞ þ BfðzÞ; z ¼ xþ iy; ð6Þ
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e15 j11
 
: ð7ÞOnce the complex potential f(z) is obtained based on given boundary conditions, all the ﬁelds can be determined fromrzx;Dxð ÞT ¼ /;y; rzy;Dy
 T ¼ /;x; uz;x ¼ Ex; uz;y ¼ Ey: ð8Þ3. Explicit and exact solutions
Consider two radial cracks originating from the edge of a circular hole, as shown in Fig. 1. For this case, we shall study the
complex potentials, the ﬁeld intensity factors and energy release rate under different combination of electric and mechanical
loadings at inﬁnity.
3.1. Complex potentials
In this case, the potential vector has the form offðzÞ ¼ c1zþ f0ðzÞ; ð9Þ
where c1is a complex constant to be found from remote loading conditions, and f0(z)is a unknown complex vector and
moreover f0ð1Þ ¼ 0.
On the other hand, one has from Eqs. (5) and (6) thatu;x ¼ AFðzÞ þ AFðzÞ; ð10Þ
/;x ¼ BFðzÞ þ BFðzÞ; ð11Þwhere FðzÞ ¼ dfðzÞ=dz.
Inserting Eq. (9) into Eqs. (10) and (11), and then letting z !1, leads toAc1 þ Ac1 ¼ u1;x ; ð12Þ
Bc1 þ Bc1 ¼ /1;x ; ð13Þwhere/1;x ¼ ðr1zy ;D1y ÞT ; u1;x ¼ ðe1zx ;E1x ÞT : ð14Þ
From Eqs. (12) and (13) one obtainsc1 ¼ 1
2
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Fig. 1. Double cracks at the edge of a circle hole in an inﬁnite piezoelectric solid.
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Z
s
tsds; ts ¼ ðtz;DnÞT ; ð15Þwhere tz and Dn represent the anti-plane shear traction and the normal component of electric displacement along the
boundary.
Since the crack length is in general shorter than the hole size, and moreover the electric ﬁelds inside the hole is smaller, it
is assumed in the present work that the induced electric ﬁelds inside the cracks and hole may be neglected, that is, the
impermeable electric boundary condition is adopted. Thus, when the cracks and hole are free of mechanical loads, Eq.
(15) can be reduced toBfðzÞ þ BfðzÞ ¼ 0: ð16Þ
Substituting Eq. (9) into Eq. (16) results inBf0ðzÞ þ Bf0ðzÞ ¼ ðBc1zþ Bc1zÞ: ð17Þ
Introduce a mapping function as (Bowie, 1956)z ¼ xðfÞ ¼ Rf½fk þ fk þ 1þ eþ ð1þ fkÞðf2k þ 2efk þ 1Þ1=2=ð1 eÞg1=k; ð18Þ
where k = 2 for the case of double cracks, and e is a real parameter such that 0 6 jej 6 1, which can be determined by the
relation:z ¼ Rþ L ¼ xð1Þ: ð19Þ
It can be shown that Eq. (18) maps the outside domain of the hole and cracks into the exterior of a unit circle in the
f  plane, and that the substitution of Eq. (19) into Eq. (18) producese ¼ 2 ð1þ kÞ
k  1
ð1þ kÞk þ 1
" #2
 1; ð20Þwhere k=L/R.
In the f  plane, Eq. (17) becomesBf0ðrÞ þ Bf0ðrÞ ¼  Bc1xðrÞ þ Bc1xðrÞ
h i
; ð21Þwhere r is the point on the unit circle, and f0 (r) = f0(x(r)) is deﬁned.
From Eq. (18), one ﬁnds that xðrÞ ¼ xðrÞ. Hence, Eq. (21) becomesBf0ðrÞ þ Bf0ðrÞ ¼  Bc1 þ Bc1
 	
xðrÞ; ð22Þ
wherexðrÞ ¼ R rk þ rk þ 1þ eþ ð1þ rkÞðr2k þ 2erk þ 1Þ1=2
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: ð23ÞUsing Eq. (13), we have from Eq. (22) thatBf0ðrÞ þ Bf0ðrÞ ¼ /1;x xðrÞ: ð24Þ
Taking Cauchy integrals 12pi
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rf dr at the two sides of Eq. (24) gives:Bf0ðfÞ ¼ /1;x
1
2pi
Z
c
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r fdr: ð25ÞSince x(r) is the boundary values of the analytic function x(f) inside the unit circle c except the point f = 0, we obtain
from Eq. (25) that (Musknelishkili, 1953)Bf0ðfÞ ¼ /1;x xsðfÞ; ð26Þ
where xs(f) is the singular principle part of x(f) at the point f = 0. From Eq. (18) it can be shown thatxsðfÞ ¼ R 21 e

 1=k
f1: ð27ÞInserting Eq. (27) into Eq. (26), we obtain the ﬁnal expression of complex potential asBf0ðfÞ ¼ /1;x R
2
1 e

 1=k
f1; ð28Þthat isBf0ðfÞ ¼ /1;x
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2
p
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The vector of ﬁeld intensity factors can be deﬁned ask3 ¼ ðkr; kDÞT ¼ lim
z!z1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pðz z1Þ
p
/;x; ð30Þwhere z1 = R + L.
Inserting Eq. (11) into Eq. (30) results ink3 ¼ ðkr; kDÞT ¼ 2 lim
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BF0ðzÞ ð31Þwhere the condition that BF0(z) is real along the x axis is used.
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Noting Eq. (14), we ﬁnally havek3 ¼ 2R
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g2ðeÞ; ð39Þwhere ae = R + L, being an equivalent crack length, and g(e) is deﬁned asg2ðeÞ ¼ 2R
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;which is the well-known result of a mode-III crack in piezoelectric materials.
3.3. Energy release rate
Following the work of Pak (1990), the energy release rate is equal to the J-integral and it can be expressed asJ ¼ K
rKS  KDKE
2
; ð41Þ
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crack tip. Using Eq. (4) one ﬁnds that there are the following relationship among them asKr ¼ c44KS  e15KE;
KD ¼ e15KS þ j11KE: ð42ÞThus, once Kr and KD are obtained from Eq. (42), KS and KE can be expressed asKS ¼ ðe15KD þ j11KrÞ=ðe215 þ j11c44Þ;
KE ¼ ðc44KD  e15KrÞ=ðe215 þ j11c44Þ: ð43ÞSubstituting Eqs. (42) and (43) into Eq. (41) leads toJ ¼ pae
2ðe215 þ j11c44Þ
½j11r12zy þ 2e15D1y r1zy  c44D12y  g2ðeÞ½ 2; ð44Þwhere g2(e) is determined from Eq. (40).
Similarly, for the case of a single crack as shown in Fig. 2, Eq. (18) is still valid with k = 1. In this case, we can list the solu-
tions for the complex potential, ﬁeld intensity factor and energy release rate, respectively, as follows:Bf0ðfÞ ¼ u1;x
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:4. Numerical examples
Take PZT-5H as a model material with the following material constants:c44 ¼ 3:53 1010 Nm2 ; e15 ¼ 17:0
C
m2
; j11 ¼ 151 1010 CVm ; ð48Þwhere N is the force in Newtons, C is the charge in coulombs, V is the electric potential in volts, and m is the length in meters.yzσ
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Fig. 2. Single crack at the edge of a circle hole in an inﬁnite piezoelectric solid.
4596 Y.-J. Wang, C.-F. Gao / International Journal of Solids and Structures 45 (2008) 4590–4599The coefﬁcient of ﬁeld intensity factors, g(e), is plotted in Fig. 3 as a function of the crack length for a ﬁxed-size hole of
R = 0.01 m. It is found that the value of g1(e) is a little greater than that of g2(e), indicating that the intensity factors of ﬁelds
for the case of a single crack is larger than those for the case of two cracks. This results from the non-symmetry loading con-
dition for a single crack. Moreover, if letting L=R !1 one can ﬁnds that gðeÞ ! 1, which is expectable.Fig. 3. Variation of g(e) as a function of L/R.
Fig. 4. Inﬂuence of applied electric load D1y on growth of double cracks under combined mechanical load r
1
yz .
Y.-J. Wang, C.-F. Gao / International Journal of Solids and Structures 45 (2008) 4590–4599 4597For the case of two cracks originating from a circle hole of R = 0.01 m, the change of the energy release rate with the ap-
plied mechanical/electric loads is plotted for a crack length of L = 0.005 m, as shown in Fig. 4, where Jcr stands for the critical
energy release rate and it was taken as Jcr = 5.0N/m to normalize the obtain J (Pak, 1990). It can be found from Fig. 4 that the
energy release rate increases as the applied mechanical load and positive electric load increases, but it decreases as the mag-
nitude of the applied negative electric ﬁeld increase. The result showed that at a given mechanical load, the positive electric
ﬁeld promotes crack growth, while the negative electric ﬁeld retards crack growth. Shown in Figs. 5 and 6 are the variation of
the energy release rate with crack length under a given electric or mechanical load. It can be seen that in general cases, theFig. 5. Energy release rate of double cracks at a given mechanical load r1yz under combined electric load D
1
y .
Fig. 6. Energy release rate of double cracks at a given electric load D1y under combined mechanical load r
1
yz .
4598 Y.-J. Wang, C.-F. Gao / International Journal of Solids and Structures 45 (2008) 4590–4599energy release rate always increases as the crack becomes longer, and moreover the contribution of the applied electric load
(within the dielectric breakdown load) to the total energy release rate is small.
In addition, the curves of the energy release rate are also plotted for the case of a single crack, as shown in Figs. 7–9, and
the similar results can be found. It ca be seen that the curves of the energy release rate for a single crack is similar to those for
the case of double cracks, and moreover at the same loading conditions, the difference in the magnitudes of the energy re-
lease rate for these two cases is not great.Fig. 7. Inﬂuence of applied electric load D1y on growth of a single crack under combined mechanical load r
1
yz .
Fig. 8. Energy release rate of a single crack at a given mechanical load r1yz under combined electric load D
1
y .
Fig. 9. Energy release rate of a single crack at a given electric load D1y under combined mechanical load r
1
yz .
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A mode III fracture problem of edge cracks originating from a circular hole in an inﬁnite piezoelectric solid is studied
based on complex variable method combined with the method of conformal mapping. Since the length of cracks is smaller
than the hole-radius, the cracks are assumed to be along radial direction, and the electric ﬁelds inside the cracks and the hole
can be neglected. According to these two assumptions, explicit and exact solutions for intensity factors of ﬁelds and energy
release rate are derived for the cases of double cracks and a single crack, respectively. Numerical results are also presented
for a mode material, and they are plotted for different loading conditions. It can be found that: (1) ﬁeld intensity factors of a
single crack are greater than those of double cracks under the same loading conditions; (2) energy release rate increases as
the ratio of crack length to hole radius becomes large; (3) mechanical loads always promote crack growth, while the applied
electric loading can either promotes or retard crack growth, depending on the magnitude and the direction of electric
loading.
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